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Abstract
In this paper, we compute the Gottlieb groups of the 2- dimensional sphere S2 and give the lower
bounds of the order of the kth Gottlieb subgroup of the quaternionic projective n-space HPn for
some integers k. Moreover, we obtain some information of lower bounds or infinities of the order of
the Gottlieb groups of various homogeneous spaces.
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1. Introduction and preliminaries
Gottlieb [2] defined a subgroup( called Gottlieb groups) of the homotopy groups of a
space and described its outstanding properties, including its close relations with the Euler
characteristic. Specially, he showed that the non-triviality of the first Gottlieb group of
a finite polyhedron suffices to ensure the vanishing of the Euler characteristic. He also
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computed that the nth Gottlieb group of the n-dimensional sphere is trivial for n even,
integer group Z for n = 1,3,7 and 2Z for n odd and n = 1,3,7.
Since Gottlieb’s original work, several authors have made an attempt to compute Got-
tlieb groups of various types of spaces. Siegel [14] produced a finite dimensional space
whose Gottlieb groups are equal to its homotopy groups, which is not an H -space. Lang
[5] showed that if H is a finite subgroup of 3-dimensional sphere S3 and S3/H is the orbit
space of the action on S3 of H by translation, then the first Gottlieb group of S3/H is the
center of H and the rest of the Gottlieb groups of S3/H are the homotopy groups of S3/H .
As a generalization of Lang’s result, Oprea [13] showed that if H is a finite group which
acts freely on odd sphere, then the first Gottlieb group of orbit space of the action is equal
to the center of H . While many results are known, explicit computation of Gottlieb groups
appears difficult. One reason that accounts in part for this difficulty is the fact that a map
of spaces does not necessarily induce a corresponding homomorphism of Gottlieb groups.
Woo and Lee [8–10] attempted to circumvent this problem by introducing the so-called
G-sequence of a map. Some general condition are known under which the G-sequence is
exact, but in general it is not exact. Recently, Lupton and Smith [6], see also [15], brought
the techniques of rational homotopy theory to bear on problems and questions concerning
Gottlieb groups in general, and the G-sequences in particular.
For a CW-complex X, the nth Gottlieb group of X (or evaluation subgroup [2] of
πn(X)), denoted by Gn(X), consists of those α ∈ πn(X) for which there is a map
φ :X × Sn → X such that the following diagram commutes:
X × Sn φ X
X ∨ Sn
J
1X∨f
X ∨ X
∇
where f :Sn → X is a representative of α and ∇ is a folding map. In this case, the map φ
is called an affiliated map of α ∈ Gn(X) and f is called a cyclic map.
Here we expand Siegel’s and Lang’s results related to this article. Let Y be a Lie group
and G any closed subgroup. Then there exists the natural action µ :Y/G× Y → Y/G and
the natural fibration p :Y → Y/G, where Y/G is the homogeneous space. For any map
f :Si → Y , the composition:
φ :Y/G × Si 1×f−−−−→Y/G × Y µ→Y/G
is an affiliated map of p ◦ f . Thus we have the following theorem due to J. Siegel:
Theorem 0 [14]. p∗πi(Y ) ⊂ Gi(Y/G) or all i  1.
In [5], G. Lang obtained some results of Gottlieb groups of factor spaces by using
Theorem 0. For instance, he showed that G2(CPn) is trivial for n 1, where CPn is the
complex projective n-space and also showed that Gm(Vm+1,k) is infinite for k  1, where
Vm+1,k is the real Stiefel manifold.
In this paper, we give more Gottlieb groups of homogeneous spaces of compact Lie
groups.
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In Section 2, we investigate Gottlieb groups of two special homogeneous spaces, S2 and
the quaternionic projective n-space HPn. We first compute Gn(S2) for n  1, G4(HPn)
for n 1 and obtain a lower bound of the order of G4n+3(HPn).
In Section 3, we give some properties of the infiniteness or lower bounds of the order of
some Gottlieb groups of real Stiefel manifolds Vn+k,k , complex Stiefel manifolds Wn+k,k ,
quaternionic Stiefel manifolds Xn+k,k and homogeneous spaces of exceptional Lie groups:
G2 ⊂ F4 ⊂ E6 ⊂ E7 ⊂ E8.
Throughout this paper, all spaces are based CW-complexes, all maps and all homotopies
are based and all topological pairs are CW-pairs.
2. Gottlieb groups of S2 and HPn
In the first place, we compute Gn(S2) for n 1.
Theorem 2.1.
Gn(S
2) =
{
0 for n = 1,2,
πn(S
2) for n 3.
Proof. It is trivial that G1(S2) = 0, since π1(S2) = 0. D. Gottlieb [2] showed that
G2(S2) = 0. Thus it remains to show that Gn(S2) = πn(S2) for n 3.
Consider the fibration:
S1 = SO(2) → SO(3) → SO(3)/SO(2) = S2,
where SO(n) is a special orthogonal group [12]. Then the fibration induces the following
homotopy exact sequence:
· · · → π3(S1) → π3(SO(3)) ∼= π3(S2) → π2(S1) → ·· ·
0 0
So we have π3(SO(3)) ∼= π3(S2). Since
π3
(
SO(3)
)∼= π3(Spin(3)) ∼= π3(S2) ∼= Z,
the generator η2 ∈ π3(S2) is cyclic. By Toda [16], there is an isomorphism ψ :πn(S3) →
πn(S
2) given by ψ(α) = η2 ◦ α.
Thus every element x ∈ πn(S2) is of the form η2 ◦ α, for some α ∈ πn(S3). Since η2 is
cyclic, so is x . So we have Gn(S2) = πn(S2). 
Remark 1. One can prove this theorem by using the EHP-sequence; in fact the White-
head product [ι2, η2] belongs to the kernel of the suspension homomorphism E :π4(S2) →
π5(S2), which is trivial. (See [1] and [4]).
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Remark 2. Theorem 2.1 can be generalized to C/T where C is a connected compact Lie
group and T is its maximal torus. By the fact that C/T is 1-connected and Gottlieb’s
theorem, Theorem 1 of [3], Gi(C/T ) = 0 for i = 1,2. The natural fibration
T
i→ C p→ C/T
gives rise to a homotopy exact sequence:
· · · → πi(T ) i∗→ πi(C) p∗→ πi(C/T ) ∂→ πi−1(T ) → ·· · .
Since πk(T ) = 0 for k  2, we have
πi(C/T ) = p∗
(
πi(C)
) ⊂ Gi(C/T )
for i  3, by Theorem 0.
This remark was suggested by the referee.
As a corollary of Theorem 2.1, we obtain an interesting result that the nth Gottlieb
group of S2 and that of S3 are isomorphic for all n  1, while the case of the homotopy
groups does not hold.
By Theorem 2.1 and the fact that S3 is an H -space, we have
Gn
(
S2
) = πn(S2) ∼= πn(S3) = Gn(S3)
for n 3. Moreover, we have
Gi
(
S2
) = 0 = Gi(S3)
for i = 1,2. Thus we have the following corollary.
Corollary 2.2. For all n 1, Gn(S2) ∼= Gn(S3).
Let HPn(n 1) denote the quaternionic projective n-space and
S3 → S4n+3 νn→ HPn
be the usual fibration. It is a well-known fact that π4(HPn) = Z. By the parallel argument
to the proof of the Theorem III. 6 of [5] or more simply by Theorem 1 of [3], we have the
following.
Theorem 2.3. G4(HPn) = 0 for all n 1.
Theorem 2.4. G8(Π) = 0, where Π = S8 ∪ e16 is the Cayley projective plane.
If we use Theorem 0, we can obtain lower bounds of the order of Gk(HPn) for some
integers k and n. We first observe the following simple algebraic property.
Proposition 2.5. If G is a finitely generated abelian group with a positive rank and H is
a finite abelian group, then the kernel of all homomorphisms from G to H contains mZ,
where m is the maximum possible order for some element of H .
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Theorem 2.6. If πk(HPn) is infinite and πk(Sp(n) × Sp(1)) is finite, then Gk(HPn) con-
tains mZ as a subgroup, where Sp(n) is the symplectic group of order n and m is the
maximum possible order for some element of πk(Sp(n) × Sp(1)).
Proof. We first note that
HPn = Sp(n + 1)/Sp(n) × Sp(1).
The natural fibration
Sp(n) × Sp(1) → Sp(n + 1) p→ HPn
yields the following homotopy exact sequence:
· · · → πk
(
SP(n + 1)) p∗→ πk(HPn) ∂→ πk−1(SP(n) × SP(1))→ ·· · .
By Proposition 2.5, Ker∂ contains mZ, where m is the maximum possible order for
some element of πk(Sp(n)×Sp(1)). Thus by Theorem 0 and the exactness of the sequence,
we have
mZ ⊂ Ker∂ = Imp∗ ⊂ Gk
(
HPn
)
. 
In Theorem 2.6, if k = 4n + 3, then we have
π4n+3
(
HPn
) = π4n+3(S4n+3)⊕ π4n+2(S3) = Z ⊕ π4n+2(S3)
and
π4n+2
(
Sp(n) × Sp(1))= π4n+2(Sp(n))⊕ π4n+2(S3).
It is a well-known fact [11] that
π4n+2
(
Sp(n)
) =
{
Z(2n+1)! for n = even,
Z2(2n+1)! for n = odd.
Thus by Theorem 2.6, we have the following corollary, where we denote the least common
multiple of integers x1, . . . , xt by LCM{x1, . . . , xt }.
Corollary 2.7. Let π4n+2(S3) = Zp1 ⊕ · · ·⊕Zpl for some integers p1, . . . , pl . Then mZ ⊂
G4n+3(HPn), where
m =
{
LCM{(2n + 1)!,p1, . . . , pl} for n = even,
LCM{2(2n+ 1)!,p1, . . . , pl} for n = odd.
Example 2.8. We consider the case k = 4n + 3 15.
If n = 1, then we have the following sequence:
· · · → π7(Sp(2)) p∗ π7(HP 1) ∂ π6(Sp(1))⊕ π6(S3) → ·· ·
Z Z ⊕ Z12 Z12 ⊕ Z12
So we have 12Z ⊂ G7(HP 1).
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If n = 2, then we have the following sequence:
· · · → π11(Sp(3)) p∗ π11(HP 2) ∂ π10(Sp(2)) ⊕ π10(S3) → ·· ·
Z Z ⊕ Z15 Z120 ⊕ Z15
So we have 120Z ⊂ G11(HP 2).
If n = 3, then we have the following sequence:
· · · → π15(Sp(4)) p∗ π15(HP 3) ∂ π14(Sp(3)) ⊕ π14(S3) → ·· ·
Z Z ⊕ Z84 ⊕ Z2 ⊕ Z2 Z10080 ⊕ Z84 ⊕ Z2 ⊕ Z2
So we have 10080Z ⊂ G15(HP 3).
3. Gottlieb groups of Stiefel manifolds
In this section, we will give some examples of the infinite orders of some Gottlieb
groups of Stiefel manifolds.
Let n and k be positive integers. The Lie groups of the orthogonal, unitary, and sym-
plectic of order n will be denoted respectively by O(n), U(n) and Sp(n) as usual. There
are natural embeddings O(n) → O(n + k), U(n) → U(n + k) and Sp(n) → Sp(n + k).
The real Stiefel manifold is defined by
Vn+k,k = O(n + k)/O(n).
Theorem 3.1. Gi(Vn+k,k) = πi(Vn+k,k) if n − 1 > i and i ≡ 3,5,6,7 mod 8.
Moreover, Gi(Vn+k,k) is infinite if 3  n  6, 1  k  31, n − 1  i < n + k − 1 and
i ≡ 3,7 mod 8.
Proof. The natural fibration
O(n)
i→ O(n + k) p→ Vn+k,k
gives rise to a homotopy exact sequence:
· · · → πi
(
O(n)
) i∗→ πi(O(n + k)) p∗→ πi(Vn+k,k) ∂→ πi−1(O(n))→ ·· · .
If n − 1 > i and i ≡ 3,5,6,7 mod 8, then πi−1(O(n)) is trivial. Thus we have
πi(Vn+k,k) = Ker∂ = Imp∗ ⊂ Gi(Vn+k,k).
On the other hand, if 3  n  6, 1  k  31, n − 1  i < n + k − 1 and i ≡ 3,7
mod 8, then πi(O(n)) is unstable and finite and πi(O(n + k)) is an infinite cyclic group
(see [7,11]). Thus the induced homomorphism i∗ is trivial. So p∗ is a monomorphism. By
Theorem 0, we see p∗πi(O(n + k)) ⊂ Gi(Vn+k,k). Therefore, Gi(Vn+k,k) is infinite. 
The complex Stiefel manifold is defined by
Wn+k,k = U(n + k)/U(n).
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Theorem 3.2. Gi(Wn+k,k) is infinite if 2n i < 2(n + k) and i ≡ 1 mod 2.
Moreover, Gi(Wn+k,k) = πi(Wn+k,k) if 2n > i and i ≡ 1 mod 2.
Proof. The natural fibration
U(n)
i→ U(n + k) p→ Wn+k,k
gives rise to a homotopy exact sequence
· · · → πi
(
U(n)
) i∗→ πi(U(n + k)) p∗→ πi(Wn+k,k) ∂→ πi−1(U(n)) → ·· · .
If 2n  i < 2(n + k), then πi(U(n)) is unstable and finite. But if i ≡ 1 mod 2, then
πi(U(n + k)) is an infinite cyclic group. Thus if 2n i < 2(n + k) and i ≡ 1 mod 2, i∗ is
trivial. So p∗ is a monomorphism. By Theorem 0, we see p∗πi(U(n + k)) ⊂ Gi(Wn+k,k).
Therefore, Gi(Wn+k,k) is infinite.
On the other hand, if 2n > i and i ≡ 1 mod 2, then πi−1(U(n)) is trivial. Thus we have
πi(Wn+k,k) = Ker∂ = Imp∗ ⊂ Gi(Wn+k,k). 
The quaternionic Stiefel manifold is defined by
Xn+k,k = Sp(n + k)/Sp(n).
Theorem 3.3. Gi(Xn+k,k) is infinite if 4n + 2 i < 4(n + k) + 2 and i ≡ 3,7 mod 8.
Moreover, Gi(Xn+k,k) = πi(Xn+k,k) if 4n + 2 > i and i ≡ 1,2,3,7 mod 8.
Proof. The natural fibration
Sp(n) i→ Sp(n + k) p→ Xn+k,k
gives rise to a homotopy exact sequence:
· · · → πi
(
Sp(n)
) i∗→ πi(Sp(n + k)) p∗→ πi(Xn+k,k) ∂→ πi−1(Sp(n)) → ·· · .
If 4n + 2 i < 4(n + k) + 2, then πi(Sp(n)) is unstable and finite. But if i ≡ 3,7 mod 8,
then πi(Sp(n+k)) is an infinite cyclic group. Thus if 4n+2 i < 4(n+k)+2 and i ≡ 3,7
mod 8, the induced homomorphism i∗ is trivial. So p∗ is a monomorphism. By Theorem 0,
we see p∗πi(Sp(n + k)) ⊂ Gi(Xn+k,k). Therefore, Gi(Xn+k,k) is infinite.
On the other hand, if 4n + 2 > i and i ≡ 1,2,3,7 mod 8, then πi−1(Sp(n)) is trivial.
Thus we have
πi(Xn+k,k) = Ker∂ = Imp∗ ⊂ Gi(Xn+k,k). 
Consider the natural inclusions of the exceptional Lie groups:
G2 ⊂ F4 ⊂ E6 ⊂ E7 ⊂ E8.
Here we recall from [11] that their rational types are given as follows:
G2 (3,11),
F4 (3,11,15,23),
E6 (3,9,11,15,17,23),
E7 (3,11,15,19,23,27,35),
E8 (3,15,23,27,35,39,47,59).
154 K.-Y. Lee et al. / Topology and its Applications 145 (2004) 147–155
Theorem 3.4.
Gi(F4/G2) is infinite for i = 15,23;
Gi(F6/G2) is infinite for i = 9,15,17,23;
Gi(F7/G2) is infinite for i = 15,23,19,23,27,35;
Gi(F6/F4) is infinite for i = 9,17;
Gi(F7/F4) is infinite for i = 19,27,35.
Proof. Consider the natural fibration
G2
i→ F4 p→ F4/G2,
where we observe that
F4/G2 Q S15 × S23.
In the homotopy sequence associated with the fibration
· · · → πi(G2) i∗→ πi(F4) p∗→ πi(F4/G2) → ·· · ,
the induced homomorphism i∗ is trivial, whence p∗ is a monomorphism for i = 15,23.
Thus Gi(F4/G2) is infinite for i = 15,23. Quite similarly, we obtain the other results. 
Remark 3. The same argument should work for the classical cases.
Acknowledgements
We would like to thank the referee for his helpful comments and suggestions, all of
which led to improvements in this work. We also thank D.H. Gottlieb for pointing out [3]
to us. The second named author wishes to thank Colonel Kyu Bum Hwang of KMA and
the staffs of the guest house of KMA for their warm hospitality during his visiting Seoul.
References
[1] M. Golasinski, J. Mukai, On Gottlieb subgroups of homotopy groups of spheres, preprint.
[2] D.H. Gottlieb, Evaluation subgroups of homotopy groups, Amer. J. Math. 91 (1969) 729–755.
[3] D.H. Gottlieb, Witness, transgressions, and the evaluation map, Indiana Univ. Math. J. 24 (9) (1975) 825–
836.
[4] Y. Hirato, Some Gottlieb subgroups of homotopy groups of spheres, in preparation.
[5] G.E. Lang, Evaluation subgroups of factor spaces, Pacific. J. Math. 42 (1972) 701–709.
[6] G. Lupton, S. Smith, Rationalized evaluation subgroups of a map and the rationalized G-sequence, preprint.
[7] A.T. Lundell, Concise tables of James numbers and some homotopy classical Lie groups and associated
homogeneous spaces, in: Algebraic Topology (1990), in: Lecture Notes in Math., vol. 1509, Springer, Berlin,
1992, pp. 250–272.
[8] K.Y. Lee, M.H. Woo, The G-sequence and the ω-homology of a CW-pair, Topology Appl. 52 (3) (1993)
221–236.
[9] K.Y. Lee, M.H. Woo, Cyclic morphisms in the category of pairs and generalized G-sequences, J. Math.
Kyoto Univ. 38 (2) (1998) 271–285.
[10] K.Y. Lee, M.H. Woo, Cocyclic morphisms and dual G-sequences, Topology Appl. 116 (1) (2001) 123–136.
K.-Y. Lee et al. / Topology and its Applications 145 (2004) 147–155 155
[11] M. Mimura, Homotopy theory of Lie groups, in: Handbook of Algebraic Topology, Elsevier Science, Ams-
terdam, 1995, pp. 951–991.
[12] M. Mimura, H. Toda, Homotopy groups of symplectic groups, J. Math. Kyoto Univ. 3 (1964) 251–273.
[13] J. Oprea, Gottlieb Groups, Group Actions, Fixed Points and Rational Homotopy, Lecture Notes Series,
vol. 29, Seoul National Univ. Research Inc. Math. Global Analysis Research Center, Seoul, 1995.
[14] J. Siegel, G-spaces, W -spaces and H -spaces, Pacific J. Math. 31 (1970) 209–214.
[15] S.B. Smith, Rational evaluation subgroups, Math. Z. 221 (3) (1996) 387–400.
[16] H. Toda, On unstable homotopy groups of spheres and classical groups, Proc. Nat. Acad. Sci. USA 46 (1960)
1102–1105.
Further reading
[17] M. Mimura, H. Toda, Topology of Lie Groups, I and II, Trans. Math. Monographs, vol. 91, American Math-
ematical Society, Providence, RI, 1991.
